In this paper, we study composition operators on some Möbius invariant Banach function spaces like Bloch and F (p, q, s) spaces. We give a Carleson measure characterization on F (p, q, s) spaces, then we use this Carleson measure characterization of the compact compositions on F (p, q, s) spaces to show that every compact composition operator on F (p, q, s) spaces is compact on a Bloch space. Also, we give conditions to clarify when the converse holds.
Introduction
Let φ be an analytic self-map of the unit disk = {z : |z| < 1} in the complex plane C and let dA(z) be the Euclidean area element on . Associated with φ, the composition operator C φ is defined by
for f analytic on . It maps analytic functions f to analytic functions. The problem of boundedness and compactness of C φ has been studied in many function spaces. The first setting was in the Hardy space H 2 , the space of functions analytic on (see [21] ). Madigan and Matheson (see [15] ) gave a characterization of the compact composition operators on the Bloch space B. Tjani (see [27] ) gave a Carleson measure characterization of compact operators C φ on Besov spaces B p (1 < p < ∞). Bourdon, Cima and Matheson in [7] and Smith in [22] investigated the same problem on BMOA. Li and Wulan in [11] gave a characterization of compact operators C φ on Q K and F (p, q, s) spaces. In this paper we study compact composition operators on the spaces F (p, q, s), we will define and discuss properties of these spaces, then we give a Carleson measure characterization of the compact composition operator C φ on F (p, q, s) spaces, see Section 2.
In Section 3, we give another characterization of the compact composition operator on F (p, q, s) spaces.
a. el-sayed ahmed and m. a. bakhit
For a ∈ the Möbius transformations ϕ a (z) is defined by
The following identity is easily verified:
Note that ϕ a (ϕ a (z)) = z and thus ϕ −1 a (z) = ϕ a (z). For a, z ∈ and 0 < r < 1, the pseudo-hyperbolic disc (a, r) is defined by (a, r) = {z ∈ : |ϕ a (z)| < r}. Denote by g(z, a) = log 1 −āz z − a = log 1 |ϕ a (z)| the Green function of with logarithmic singularity at a ∈ . Definition 1.3 ([6] , [14] , [31] ). Let f be an analytic function on and 
then f belongs to the Dirichlet space D q . It is easy to see that f ∈ D q if and only if sup
In [29] Zhao gave the following definition: Definition 1.6. Let f be an analytic function on and let 0 < p < ∞, −2 < q < ∞ and 0 < s < ∞. If
The spaces F (p, q, s) were intensively studied by Zhao in [29] and Rättyä in [18] . It is known from ( [29] , Theorem 2.10) that, for p ≥ 1, the spaces F (p, q, s) are Banach spaces under the norm
Moreover, it is known that in Definition 1.6 the Green function g(z, a) can be replaced by the weight function 1 − |ϕ a (z)| 2 and that for q + s ≤ −1 the spaces F (p, q, s) and F 0 (p, q, s) both reduce to the space of constant functions (see [29] , Theorem 2.4 and Proposition 2.12). It is sometimes convenient to replace the parameter q by p − 2 and consider the spaces F (p, p − 2, s) and F 0 (p, p − 2, s) instead of the spaces F (p, q, s) and F 0 (p, q, s) (see [18] ). If
The Besov-spaces have been studied by many authors, for example in [1] , [2] , [25] , [26] , [31] -Möbius invariant spaces. The same author [29] collected the following immediate relations of F (p, q, s) and F 0 (p, q, s) (see also [13] ):
and then an analytic function f : → C defined on the unit disk belongs to the spaces
is the Green function of with logarithmic singularity at a ∈ .
The following theorem is useful for our study (see [30] ): Theorem 1.1. Let 0 < α < ∞, 0 < r < 1, 0 < p < ∞ and 1 < s < ∞. Then, for an analytic function f in , the following quantities are equivalent:
We will need the following lemma:
Lemma 1.1 (see [27] Proof. This Lemma is proved by Tjani in [27] .
Recall that a linear operator T : X → Y is said to be compact if it takes bounded sets in X to sets in Y which have compact closure. For Banach spaces X and Y of the space of all analytic functions H ( ), we say that T is compact from X to Y if and only if for each bounded sequence {x n } in X, the sequence {T x n } ∈ Y contains a subsequence converging to some limit in Y .
Carleson measures and compact composition operators
Shapiro solved the compactness problem for composition operators on Hardy spaces in [21] using the Nevanlinna counting function N φ (w) = φ(z)=w − log |z|.
Madigan and Matheson characterize compact composition operators in the
Bloch space (see [15] ). Tjani characterized the compact composition operators on Besov spaces in [27] using the Nevanlinna type counting function for the p-Besov space B p is
for w ∈ , p > 1.
In [11] Li and Wulan gave a modification of the Nevanlinna type counting function and they used it to characterize the compact composition operators on F (p, q, s) as follows:
Definition 2.1 (see [11] ). The counting function for the F (p, q, s) spaces is
The above counting functions come up in the change of variables formula in the respective spaces as follows:
By making a non-univalent change of variables as in [21] , we see that
Now we consider the restriction of C φ to F (p, q, s).
Then C φ is a bounded operator if and only if there is a positive constant K such that
A positive measure μ on is a Carleson measure if there is a constant A with
where 0 < h < 1 and 0 ≤ θ < 2π.
Here, we shall show that the measures which obey a "generalized" Carleson condition, play a role in understanding which analytic functions φ mapping into produce bounded composition operators on certain Möbius invariant
This leads, as in [1] , to the following definition of generalized Carleson type measures. Since we are interested in characterizing the compact composition operators, we will also talk about vanishing Carleson measures. Definition 2.2. Let μ be a positive measure on , and let X = B or F (p, q, s) for 0 < p < ∞, −2 < q < ∞ and 0 < s < ∞. Then μ is an (X, p)-Carleson measure if there is a constant A > 0 so that
for all f ∈ X, holds.
In view of (4) 
Proof. Suppose (i) holds. Then using Theorem 1.1 and Definition 2.2, we obtain
for all a ∈ . This gives (iii). The equivalence of (ii) and (iii) was given by Arazy, Fisher and Peetre in ([1] Theorem 13). Suppose now that (ii) holds; we shall show that (i) is true, thus completing the implications. For z = re iθ , let
Let f ∈ F (p, q, s); because f is analytic we have
Therefore by Jensen's inequality (see [20] ),
Thus,
Now applying (ii) we have
Therefore,
where C is a constant. By Theorem 1.1 the quantities (C) and (E) are equivalent so, for α = 1, we have
which is (i). This finishes the proof.
Hence, Theorem 2.1 yields: We will prove the following lemmas on F (p, q, s) spaces:
Proof. In [29] it is shown for α = (q + 2)/p that,
where M(p, q, s) is a constant depending on p, q and s. If z ∈ (0, r), 0 < r < 1, then we have
Hence the result follows. Proof. We will show that (i), (ii), and (iii) of Lemma 1.1 hold for our spaces. By Lemma 2.1 it is easy to see that (i) and (iii) hold. To show that (ii) holds, let (f n ) be a sequence in the closed unit ball of X. Then by Lemma 2.1, (f n ) is uniformly bounded on compact sets. Therefore, by Montel's theorem (see [9] ), there is a subsequence (f n k ), n 1 < n 2 < · · ·, such that f n k → h uniformly on compact sets, for some h ∈ H ( ). Thus we only need to show that h ∈ X.
where we used Fatou's theorem and our hypothesis.
(b) If X = B as in [27] we have that
this by our hypothesis. Therefore, Lemma 2.1 yields that C φ : X → Y is a compact operator if and only if for any bounded sequence (f n ) ⊂ X, with f n → 0 uniformly on compact sets as n → ∞, |f n (φ(0))| + C φ f n Y → 0, as n → ∞, which is clearly equivalent to the statement of this lemma. This completes the proof of the lemma.
We prove a similar theorem for compact composition operators on F (p,q,s) spaces.
Then the following are equivalent:
Proof. By (3)
Thus Proposition 2.1 yields (ii)⇔(iii). Next we show that (i)⇒(iii).
We assume that C φ :
Also (ϕ a − a) → 0 as |a| → 1, uniformly on compact sets, since
where |z| = r < 1.
Hence by Lemma 2.2, we obtain that
Finally, let us show that (ii)⇒(i). Let (f n ) be a bounded sequence in F (p, q, s)
that converges to 0 uniformly on compact sets. Then the mean value property for the analytic function f n yields that
Therefore by Jensen's inequality (see [20] , Theorem 3.3) and (5), where
Then by (6) and Fubini's Theorem (see [20] , Theorem 8.8),
Then,
for any 0 < δ < 1. Fix ε > 0 and let δ > 0 be such that for any θ ∈ [0, 2π ] and any h < δ,
By (8) we have
and
for n large enough, since f n → 0 uniformly on compact sets. We obtain that F (p, q, s) compactness of C φ versus Bloch compactness of C φ Several authors have obtained some characterizations of composition operators (see e.g. [7] , [10] , [11] , [12] , [16] , [19] , [21] , [28] and others). Recall the characterization of compact composition operators on the Bloch space that Madigan and Matheson obtained in [15] , Theorem 2.
3.
Theorem 3.1 (see [15] ). Let φ be a analytic function on . Then C φ is a compact operator on Bloch space if and only if
Tjani gave another characterization of compact composition operators on Besov spaces and Bloch spaces in [27] . Proof. First, we suppose that C φ : X → B is a compact operator. Then {ϕ a (z) : a ∈ } is a bounded set in F (p, q, s) or B, and ϕ a −a → 0 uniformly on compact sets as |a| → 1. Thus by Lemma 2.2,
Conversely, as in [27] , we suppose that
Let (f n ) be a bounded sequence in F (p, q, s) or B such that f n → 0 uniformly on compact sets, as n → ∞. We will show that
Let ε > 0 be given and fix 0 < δ < 1 such that if |a| > δ, then C φ ϕ a B < ε. Hence for any z 0 ∈ such that |φ(z 0 )| > δ, C φ ϕ φ(z 0 ) B < ε. In particular,
that is,
Then (9) yields that for any n ∈ N and z 0 ∈ such that |φ(z 0 )| > δ,
we obtain that
Since the set A = {w : |w| ≤ δ} is a compact subset of and f n → 0 uniformly on compact sets,
Therefore we may choose n 0 large enough so that |f n (φ(z))| < ε, for any n > n 0 and any z ∈ such that |φ(z)| ≤ δ. Then, for all such z,
then, where n ≥ n 0
Thus (10) and (11) yield
Thus (12) 
An immediate consequence of Theorem 2.1 and Theorem 3.3 is the following proposition:
is a compact operator, and so is C φ :
Recently Rättyä (see Proposition 3 in [19] ) gave a characterization of composition operators acting from the weighted Bergman or Dirichlet space into the BMOA space, the space of analytic functions of bounded mean oscillation. For F (p, q, s) spaces we give the following result:
Proof. Let (f n ) be a bounded sequence in F (p, q, s) such that f n → 0 uniformly on compact sets as n → ∞. Let ε > 0 be given and fix δ > 0 such that if 1 − δ < |w| < 1, then
By (3) 
By (14) and (15), we obtain that
Now f n is bounded in F (p * , q, s), and then
Since |f n | p * → 0 uniformly on {w ∈ : |w| < 1 − δ}, we can find a positive integer n 0 such that
for n ≥ n 0 , since
By (14), (16) Proof. First we suppose that C φ is a compact operator on the Bloch space. Then a sufficient condition for F (p, q, s) compactness in Theorem 3.4 for a univalent function is
by Theorem 3.1 which is a compactness condition for the composition operator on the Bloch space. Hence, by our assumption, F (p, q, s) is a compact operator. For the converse suppose that C φ is a compact operator on F (p, q, s). By Proposition 3.1, then C φ : B → B is a compact operator too.
MacCluer and Shapiro showed that if C φ is bounded on some weighted Dirichlet space D α , then the compactness of C φ on larger weighted Dirichlet spaces is equivalent to φ having no angular derivative at each point of ∂ (see [14] ). Tjani showed that if C φ is bounded on some Besov space, then the compactness of C φ on larger Besov spaces is equivalent to compactness of C φ on the Bloch space (see [27] , Proposition 4.5). We show that if C φ is bounded on some F (p, q, s) space, then the compactness of C φ on larger F (p, q, s) spaces is equivalent to the compactness of C φ on the Bloch space.
The theorem above is a special case of the following proposition.
Proposition 3.3. Let 2 ≤ r < p * < ∞, 2 ≤ p < p * < ∞, −2 < q < ∞ and 0 < s < ∞. Suppose that C φ : F (r, q 1 , s) → F (r, q 1 , s) 
